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ABSTRACT 
This paper is aimed to discuss Hamiltonian laceability in the context of the Middle graph of a graph.  We explore 

laceability properties of the Middle graph of the Gear graph, Fan graph, Wheel graph, Path and Cycle.  

 

KEYWORDS: Connected graph, Middle graph, Gear graph, Fan graph, Hamiltonian- *t -laceable graph, 

Hamiltonian-t-laceability number ),( )(t *t -Connected graph. 

INTRODUCTION
All graphs considered in this paper are finite, simple, 

connected and undirected. Let u  and v  be two 

vertices in a graph .G The distance between u  and v  

denoted by ),( vud is the length of a shortest u - v  

path in .G  G is a Hamiltonian- t -laceable if there 

exists in it a Hamiltonian path between every pair 

vertices u and v with the property

,1,),( diamGttvud  where t  is a positive 

integer. If this property is achieved for at least one pair 

of vertices u and v, the graph G  is termed 

Hamiltonian- *t -laceable. Various results on 

Hamiltonian laceability properties in graphs are 

available in [4], [7], [8], [9], [10], [11], [12] and [13]. 

 

In this paper we give some results related to the 

Laceability properties of the Middle graph of the Gear 

graph ),( nG  Fan graph ),( ,1 nF Wheel graph ),( ,1 nW  

Path graph )( nP and Cycle ).( nC   

 

The vertex set of G  and the edge set of G  are 

denoted respectively by )(GV and )(GE  

respectively. Terms not defined here can be found in 

[1]. 

 

 
Figure 1:  Hamiltonian Laceable graph 

 

Definition 1 

Let P be a path from the vertices ia to ja  in a graph 

G  and let P  be a path from ia to .ka Then the path 

PP  is the path obtained by extending the path 

P from ia to ja  to ia to ka

through the common vertex ja  (i.e., if ji aaP ......:

and ,......: kj aaP then :PP  )........ kji aaa  

Figure 2 below illustrates a Hamiltonian-2-laceable 

graph and a Hamiltonian-2*-laceable graph. 

 

http://www.ijesrt.com/


[Manjunath, 4(1): January, 2015]   ISSN: 2277-9655 

                                                                                                 Scientific Journal Impact Factor: 3.449 

   (ISRA), Impact Factor: 2.114 
    

http: // www.ijesrt.com                 © International Journal of Engineering Sciences & Research Technology 

 [204] 
 

 
Figure 2: A Hamiltonian-2-laceable graph and a 

Hamiltonian-2*-laceable Graph 

 

Definition 2  

Let 
ia  and ja  be any two distinct vertices in a 

connected graph .G  Let 'E  be any minimal set of 

edges not in G  and P  be a path in ,G  such that 

EP   is a Hamiltonian Path in G  from 
ia  and 

.ja   Then 'E  is called the t -laceability number 

)(t of G and the edges in E  are called the t -

laceability edges with respect to ),( ji aa . 

Definition 3 

A graph G is *t -connected if it is Hamiltonian- *t -

laceable for all ,t .1 diamGt   

Definition 4 

The Middle graph of G  denoted by )(GM  is 

defined as follows. The vertex set of )(GM  is 

).()( GEGV   Two vertices yx,  in the vertex set 

of )(GM  are adjacent in )(GM in case one of the 

following holds: 

i) yx,  are in )(GE   and yx,  are  in 

adjacent in .G   

ii) x is in )(GV , y is in )(GE   and 

yx,  are incident in .G  

Figure 3 below illustrates the Middle graph of a cubic 

graph G. 

 

 
Figure 3: A Cubic Graph and its Middle Graph 

 

Definition 5 

The Gear graph nG is a wheel graph nW ,1
with a 

vertex added between each pair of adjacent vertices 

of the outer cycle.   

 Figure 4 below shows the graph .6G  

 

Figure 4: Gear Graph 6G  

Definition 6 

A Fan graph nmF ,  is defined as the graph join 

nm PK   where mK is the empty graph on m  

vertices and nP is the path graph on n  vertices 

 

The Fan graph nF ,1  is illustrated in Figure 5 below. 

 

Figure 5:  Fan Graph nF ,1  

 

RESULTS 

Theorem 1: The Graph )( nGMG  , 4n  is *t

-connected with 1)( t  

Proof: Let },........,,,{}{)( 2321 nn aaaaaGV 
 

and 

}121:{}1:{)(  nienieGE iin

}{ 1

ne  where ie the edge is ),1(12 niaa i  ie  

is the edge )121(1  niaa ii and 
1

2ne  is the 
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edge ,12 vv n  by the definition of Middle graph 

 }21:{}{)()())(( ninnn iaaGEGVGMV

}21:{}1: nii ienie  respectively. 

Clearly .4)( Gd
 

  

 

Figure 6: Middle graph of Gear Graph )( nGM  

Case (i): For 1t  

In the graph G ,   1, 11 ead and the path :P

  ),(),( 22111 neeea 
 ),( 2222 nn ae


 ),( '

3222 nn ea 
 ),( 3232 nn ae ),( '

4232 


nn ea

  ),( 4242 nn ae ................  ),( 88 ae

 ),( 78 ea  ),( 77 ae  ),( 67 ea ),( 66 ae

 ),( 56 ea  ),( 55 ae  ),( 45 ea  ),( 44 ae

 ),( 34 ea  ),( 33 ae  ),( 23 ea  ),( 22 ae

),( 22 ea ),( 32 ee ),( 43 ee ),( 54 ee

),( 65 ee ),( 76 ee ................),( 87 ee

  ),(............. 1 aen ).,( 1ea is a Hamiltonian 

path from 1a
 
to 1e . Where ),( 22 ea  is the 

laceability edge.  Hence G  is a Hamiltonian-1*-

laceable. 
 

Case (ii): For 2t  

In the graph G ,   2, 21 aad
 
and the path :P

 ),(),( 1111 eeea ),( 1 ae ),( 2ea

),( 32 ee ),( 43 ee ),( 54 ee ),( 65 ee

),( 76 ee   ),(..... 21 nn ee  ),( 222 nn ve


 ),( 3232 nn ae ),( '

4232 


nn ea ),( 4242 
 nn ae

.......... 
 )( 11 nn ae ),1 nn ea 

 ),( nn ae

 ),( 8ean  ),( 88 ae  ),( 78 ea  ),( 77 ae

 ),( 67 ea  ),( 66 ae  ),( 56 ea  ),( 55 ae

 ),( 45 ea  ),( 44 ae  ),( 34 ea  ),( 33 ae

 ),( 23 ea ).,( 22 ae  is a Hamiltonian path from 

1a
 
to 2a . Where ),( 221 


nn ee  is the laceability 

edge. Hence G  is a Hamiltonian-2*-laceable.  
 

 

Case (iii): For 3t  

In the graph G ,   3, 51 aad
 
and the path :P

  ),(),( 22111 neeea 
 ),( 2222 nn ae


 ),( 3222 nn ea 

 ),( 3232 nn ae ),( 4232 


nn ea

  ),( 4242 nn ae ................ 
 )( 11 nn ae

),( 1 nn ea 
 ........),(  nn ae  ),( 88 ae

 ),( 78 ea ),( 7

1

7 ae  ),( 67 ea  ),( 66 ae

 ),( 56 ea  ),( 35 ee ),( 3 ae ),( 4ea

 ),( 44 nee  ),( 34 nn ee  ),( 23 nn ee

 ),( 12 nn ee ),( 21 ae ),( 22 ea   ),( 22 ee

),( 32 ae ),( 33 ea   ),( 43 ae ),( 44 ea 

),( 54 ae  is a Hamiltonian path from 1a to 5a . 

Where ),( 21 ab  is the laceability edge.  Hence G  is 

a Hamiltonian-3*-laceable. 
 

 

Case (iv): For 4t  

In the graph G ,   4, 41 aad
 
and the path :P

 ),(),( 2111 aeea  ),( 22 ea  ),( 32 ae

),( 33 ea   ),( 43 ee  ),( 54 ae  ),( 55 ea

 ),( 65 ae  ),( 66 ea  ),( 76 ae  ),( 77 ea

 ),( 87 ae  ),( 88 ea .............. ),( 22 

nn ea

  ),( 32 nn ae ),( 33 

nn ea  ...............

),( 2222 


nn ea   ),( 122 ee n ),( 1 ae ),( 1nea

  ),( 21 nn ee  ),( 32 nn ee  ),( 43 nn ee

................),( 54  nn ee ),( 34 ee ),( 23 ee

),( 42 ae  is Hamiltonian path from 1a to 4a . Where

),( 42 ae  is the laceability edge. Hence G  is a 

Hamiltonian-4*-laceable. Hence the proof.
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Theorem  2. The Graph )( ,1 nFMG  , 3n is *t

-connected.  
 Proof: Consider the Fan graph nF ,1  denote the 

vertices 

)( ,1 nFV =

},........,,,{},,,.........,,{}{ 13211321 nnnn bbbbbaaaaaa  

and }1:{)( ,1 nieFE in   

Where ie  is the edge )1( niaai   by the 

definition of middle graph  

)()())(( ,1,1,1 nnn FEFVFMV  =

 }1:{}1:{ nibnia ii

}1:{ niei  .Clearly .2)( Gd  

 

Figure 7: Middle Graph of Fan Graph )( ,1 nFM  

 

Case (i): For 1t  

In the Graph G , 1),( 1 ead  and the path  

:P ),( 2ea ),( 32 ee ),( 43 ee ),( 54 ee

 ......................),( 65 ee  ),( 1 nn ee

),( nn ae  ),( 1nn ua  ),( 11 nn ab

 ),( 21 nn ba  ),( 22 nn ab  ),( 32 nn ba

 ..........),( 33 nn ab ),( 33 ab ),( 23 ba

),( 22 ab ),( 12 ba ),( 11 ab ),( 11 ea is 

Hamiltonian path from a  to 1e . 
 

Hence G is a Hamiltonian-1-laceable. 

Case (ii): For 2t  

In the Graph G , 2),( 1 aad  and the path  

:P ),( 2ea ),( 32 ee ),( 43 ee ),( 54 ee

 .........),( 65 ee ),( nn ae  ),( 1nn ba

 ),( 11 nn ab  ),( 21 nn ba  ),( 22 nn ab

 ),( 32 nn ba  ...........),( 33 nn ab

),( 33 ab ),( 23 ba ),( 22 ab ),( 12 ba

),( 11 ab is Hamiltonian path from a  to 1a .  Hence 

G is a Hamiltonian-2-laceable. 
 

Hence the proof 

 

Theorem 3. The Graph ),( ,1 nwMG  3n is *t

-connected. 

Proof: Consider Wheel graph nW ,1 denote the 

vertices  

}........,,,{},,.........,,{}{ 321321 nn bbbbaaaaa 

)( ,1 nWV =and }{}1:{)( ,1 nin enieWE 

Where ie  is the edge )11(1  niaa i , ne  is 

the edge 1aan , by the definition of middle graph  

)()())(( ,1,1,1 nnn WEWVWMV  =

 }1:{ niai }1:{ niei  .Clearly 

.3)( Gd  

 
Figure 8:  Middle Graph of Wheel Graph 

)( ,1 nWM  

Case (i): For 1t  

In the Graph G , 1),( 11 bad  and the path  

:P ),{( 11 ea ),( 1 ae ),( 3ea ),( 43 ee

),( 54 ee  ................),( 65 ee ),( nn be
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),( nn ab  ),( 1nn ba  ),( 11 nn ab

 ),( 21 nn ba  ),( 22 nn ab  ),( 32 nn ba

 .......),( 33 nn ab ),( 44 ab ),( 34 ba

),( 34 ab ),( 23 ba ),( 22 ab ),( 22 ea

),( 12 be  is Hamiltonian path from 1a  to 1b .  Hence 

G  is a Hamiltonian-1*-laceable.
 

 

Case (ii): For 2t  

In the GraphG , 2),( 21 bad  and the path and the 

path :P ),( 11 ba )( 21ab ),( 22 ea ),( 2 ae

),( 1ea ),( 1 nbe ),( nn eb ),( nn ae

 ),( 1nn ba  ),( 11 nn eb  ),( 11 nn ae

 ),( 21 nn ba  ),( 22 nn eb  ),( 22 nn ae

 ),( 32 nn be  ),( 33 nn eb ......),( 33  nn ae

),( 44 eb ),( 44 ae ),( 34 ba ),( 33 ab

),( 33 ea ),( 23 ee is Hamiltonian path from 1a  to 

2b . Hence G is a Hamiltonian-2*-laceable. 
 

Case (iii): For 3t  

In the Graph G , 3),( 31 aad  and the path :P

),( 11 ea ),( 1 ae ),( 4ea ),( 54 ee ),( 65 ee
 

 ),(............. nn be ),( nn ab  ),( 1nn ba

 ),( 11 nn ab  ),( 21 nn ba  ),( 22 nn ab

 ),( 32 nn ba  .........),( 33 nn ab ),( 44 ab

),( 34 ba ),( 33 eb ),( 23 ee ),( 12 be

),( 22 ea ),( 12 be ),( 21 vb ),( 22 ba

),( 32 ab  is Hamiltonian path from 1a  to 3b .  

Hence G  is a Hamiltonian-3*-laceable.
 

 

Theorem 4: The Graph )( nPMG  , 3n  is 

Hamiltonian- *t -laceable for 3,2,1t

with .1)( t  

Proof: Consider the graph G can be obtained by the 

Middle graph )( nPM .  Since )( nPM contains at 

least one cycle of length 3, we can conclude that 

.3)(  nPMG  

Let },.....,,,{)( 321 nn aaaaPV  and 

}11:{}1:{))((  nibniaPMV iin

where ib is the vertex of )( nPM  corresponding to 

edge 1iiaa of nP . Clearly .)( nGd   

 

Figure 9:  Middle Graph of Path )( nPM  

Case (iii): For 1t  

In the graph G , 1),( 11 bad , and the path  

:P ),( 1 naa  ),( 1nn ba  ),( 11 nn ab

 ),( 21 nn ba  ),( 32 nn bb  ),( 33 nn ab

 ),(.......... 33 ab ),( 22 ab ),( 12 ba is 

Hamiltonian path from 1a  to 1b .  Where ),( 1 naa  is 

the laceability edge. Hence G  is a Hamiltonian-1*-

laceable.  

Case (ii): For 2t  

 In the graph G , 2),( 21 aad , and the path :P

),( 11 ba ),( 21 bb ),( 32 ab ),( 33 ba

),( 43 ab  ....................),( 44 ba

 ),( 23 nn vu  ),( 12 nn ab  ),( 11 nn ba

 ),( 1 nn ab ),( 2aan  

 
is Hamiltonian path from 1a  to 2a . Where

),( 2aan  is the laceability edge. Hence G  is a 

Hamiltonian-2*-laceable.  

 

Case (iii): For 3t  

In the graph G , 3),( 31 aad , and the path :P

),( 11 ba ),( 21 ab ),( 22 ba ),( 32 bb

),( 43 ab   ),(......................... 23 nn ab

 ),( 22 nn ba  ),( 12 nn ab  ),( 11 nn ba

 ),( 1 nn ab ),( 3aan   
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is Hamiltonian path from 1a  to 3a . Where ),( 3aan  

is the laceability edge. Hence G  is a Hamiltonian-

3*-laceable. Hence the proof. 
 

 

Theorem 5: The Graph ),( nCMG  3n  is 

(i) Hamiltonian- *t -laceable for t 1 and 

2 

(ii) Hamiltonian- *t -laceable for ,3t  

with 1)( t  

Proof: }........,,,{)( ,321 nn aaaaCV 

and }........,,,{))(( ,321 nn aaaaCMV  

}........,,,{ ,321 nbbbb where, ib  is the vertex of 

corresponding to the edges 1iiaa of

)11(  niCn .  

 

Figure 10:  Middle Graph of )( nCM  

 

Case (iii): For 1t  

In the graph ,G 1),( 11 bad  and the path :P

),( 1 nba ),( nn ab  ),( 1nn ba

 ),( 11 nn ab  ),( 21 nn ba  ),( 22 nn ab

 ............),( 32 nn ba  ),( 11 ii ab

),( ii ab  ),( 1ii ba  ............),( 11 ii ab

),( 55 ab ),( 45 ba ),( 44 ab ),( 34 ba

),( 33 ab ),( 23 ba ),( 22 ab ),( 12 ba is 

Hamiltonian path from 1a  to 1b .  Hence G is a 

Hamiltonian-1*-laceable.
 

Case (ii): For 2t  

In the graph ,G  2),( 21 aad  and the path :P

),( 1 nba ),( nn ab  ),( 1nn ba  ),( 11 nn ab

 ),( 21 nn ba  ),( 22 nn ab

 ..............),( 32 nn ba  ),( 11 ii ab

),( ii ab  ),( 1ii ba ...........),( 11  ii ab
 

 ),(..................... 55 ab ),( 45 ba

),( 44 ab ),( 34 ba ),( 33 ab ),( 23 ba

),( 12 bb ),( 21 ab
 
is Hamiltonian path from 1a  to 

2a .  Hence G is a Hamiltonian-2*-laceable. 

 

 

Case (iii): For 3t   

In the graph ,G 3),( 31 aad  and the path :P

),( 1 nba ),( nn ab  ),( 1nn ba  ),( 11 nn ab

 ),( 21 nn ba  ),( 22 nn ab .....),( 32  nn ba

  ),( 11 ii ab ),( ii ab  ),( 1ii ba

 ),( 11 ii ab  ),(....................... 55 ab

),( 45 ba ),( 44 ab ),( 34 ba ),( 23 bb

),( 22 ab ),( 12 uv ),( 31 bb is Hamiltonian path 

from 1a  to 3a . Where ),( 31 ab  is the laceability 

edge. Hence G  is a Hamiltonian-3*-laceable. 
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